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O 

^vj Abstract. The Fibonacci tree is a special non-regular tree. The tree-strip is 

the cross product with a finite graph. We prove that for small disorder the 

Anderson model on this tree-strip has purely absolutely continuous spectrum 

in a certain set. 



1. Introduction 

1-^ The Fibonacci trees are infinite trees associated to the substitution matrix S — 

Y^ ( 1 1 ) ■ This means that the trees are constructed starting from a root and going 

r^ from generation to generation in the foUowing way. Each vertex x of the tree has 

jrt either the label l{x) = 1 or l{x) = 2, each vertex with label 1 has one child with 

ri label 1 and each vertex with label 2 has one child of label 1 and one child of label 

I I 2. So each vertex of label 1, except for possibly the root, has 2 neighbors (one 

parent and 1 child), and each vertex of label 2, except for possibly the root, has 3 
neighbors (one parent and 2 children). The label of the root determines the tree 
up to tree isomorphism (see Figure [I]). 
\^ Let T^^^ denote the Fibonacci tree with root label 1, and T^^^ the Fibonacci tree 

00 with root label 2. The trees are called Fibonacci trees for the following reason. Let 

C^ #n(Tr^-'-') denote the number of vertices in the n-th generation of the tree T^^^ the 

^+ root being the first generation. Moreover, let /„ denote the n-th Fibonacci number 

O starting with /i = 1, /a = L Then, one has #„(T(i)) ^ /„ and #„(T(2)) = /„+i. 

m 



X 




Figure 1. Fibonacci tree T^^^ associated to substitution matrix 
(]*}). Vertices of label 1 are filled circles and vertices of label 2 
are non-filled circles. 
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For convenience, instead of considering these two trees, we will work with the 
forest T — T'^^ U T*^^^ where the union has to be understood as disjoint union. By 
d{x, y) we denote the graph distance of a;, y e T, where d{x, y) = oo ii x and y are 
in the different connected components. 

A Fibonacci tree-strip is the cross product of T'^^ or T^^^ with a finite set I = 
{1, . . . ,m}. On e{T X Z) ^ eiTX"^) = {u:T-^ C™, E^eT M^W < 00} which 
is also canonically equivalent to ^^(^(i),^") ® e{T^'^\C"') and f{T) (» C™, we 
define the random operators 




{Hxu){x)^\ > uiy)] +Auix) + XVix)u{x). (1.1) 



A e Sym(m) represents the 'free vertical operator' and the matrices V{x) € 
Sym(m) for x € T are independent identically distributed random variables, dis- 
tributed according to some probability measure v on Sym(m) and scaled by the 
coupling constant A. Here, Sym(?7i) denotes the set of real symmetric m x m ma- 
trices. These operators might be either thought of to model one particle on the 
product T X I or to model one particle on the Fibonacci tree with internal degrees 
of freedom and random hopping between these internal degrees, described by A and 
V{x) . Clearly, Hx = i?f ^ © i?f' , where h[^^ is the restriction of if a to l^ (T^?) , C" ) 
and can be seen as random Schrodinger operator on the tree strip T^"^^ x X. 

If X = G is a finite graph, then T x G can be interpreted as the product graph 
where (x, fc), {y,j) e T x G are connected by an edge, if either x = y and fc, j € G 
are connected by an edge, or k = j and x,y gT are connected by an edge. If A is 
chosen to be the adjacency operator on G, then Hq is the adjacency operator on 
this product graph and Hx is the Anderson model on this product graph. 

For the Anderson model on Z'^ or E** in any dimension d, Anderson localization 
is proved at spectral edges and for high disorder [FSl IFMSSl iDLSl ISWl ICKMl 
IDKI lKl2l IXMl ES IS Eq]. It is also known to hold for one di mensio nal [GMPl 
IKuSl ICKM] and quasi-one dimensional models like strips (Lac) IKLSj and finite 
dimensional trees |Breuj . except if built in symmetries prevent localization (e.g. 
[55]). 

In dimensions d > 3, it is expected to obtain some absolutely continuous (a.c.) 
spectrum for low disorder whereas for d = 2 one expects localization. These con- 
jectures remain open problems. The existence of a.c. spectrum has only been 
proved for the Anderson model on trees and other tree-like graphs of infinite di- 
mension with expoentially gro wing boundary. [HI Ei Ell I^Wl lFIl51 IFHS21 
iHidl EWl IKLWI IKLW21 iFHHl |KSl EM]- This work adds another example to this 
list. It appears that the hyperbolic nature of such graphs leads to conservation of 
a.c. spectrum and ballistic dynamical behavior |K15l IKS2[ IAW2] and these results 
should hold for much more general hyperbolic graphs. Therefore, it may be worth 
it to further geralize the results and identify the technical problems occuring in this 
process. 

In my previous work |Sad) I considered random Schrodinger operators on certain 
tree-strips of finite cone type. If a tree has an assigned root then the n-th 
generation is the set of vertices x with graph distance d{x, 0) = n. The cone of 
descendants of x is then defined as the set of vertices y, where the shortest path 
to the root goes through x, i.e. the set of y such that d{0,y) — d{0,x) + d{x,y). 
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The phrase 'finite cone type' refers to the fact, that for these trees, there are only 
finitely many different (isomorphy classes of) cones of descendants. This is also 
true for the Fibonacci trees. Cutting the connection to the root at a vertex of 
label p, p = 1, 2, leaves a cone of descendants isomorphic to T^^^ so there are only 
two different types of cones of descendants. However, the Fibonacci tree was not 
covered in [Sad! • One of the assumptions needed in [Sad| was that every vertex has 
at least 2 children which plays a significant role at various places. This means the 
trees could not have any line segment, that is a vertex not being the root which has 
only two neighbors. The Fibonacci tree is the simplest not-one dimensional tree of 
finite cone type which does not satisfy this assumption. 

The main argument in jSadj is adapted from |K13| IKSj and uses a fixed point 
equation and the Implicit Function Theorem performed in some Banach spaces that 
are associated to supersymmetric functions. As we will see, for the Fibonacci tree 
this technique also works, but there are quite a few technical subtleties that are 
pointed out in this work. The Implicit Function Theorem is applied in a slightly 
different Banach space {H x Hoo instead of "H^). For the analysis of the Frechet 
derivative, compactness of a certain operator is needed which demands some addi- 



tional work in this case (cf. Lemma 5.1 1. For the induction argument in Propo- 



sition |6.3| to obtain pure a.c. spectrum this Banach space is not good enough. 
One somehow needs to get back to the Banach space as used in Sad which is 



done through the argument in Proposition 6.1 especially (6.3) and (|6.4[) (cf. Re- 



mark 6.2). This relies on the identities mentioned in Appendix |B| and one needs 
some stronger assumption on the distribution of the matrix valued potential V{x), 
namely it has to be compactly supported. For the Fibonacci tree one can explicitly 



calculate the spectrum for the adjacency operator (cf. Proposition 1.1), therefore 
the main Theorem here is less technical. Moreover, in ISadl Theorem 1.2] some set 
of energies had to be excluded to get the almost sure a.c. spectrum. This set was 
given by a very technical condition which was shown to remove a nowhere dense 
set in a certain case. In Lemma 15.21 we show that this condition is never satisfied 
in the Fibonacci tree-strip case, hence we do not have to remove certain energies. 
The argument is based on the identity in Appendix IX] and works generally for 
trees of finite cone-type associated to a 2 x 2 substitution matrix S with negative 



determinant (cf. Remark 1.3). 



Considering (1.1), let us remark that there is an orthogonal matrix O G 0(2) 
such that O^ AO is diagonal. Then {1(E)0) is unitary and one obtains the equivalent 
family of operators 



[(1 (g) 0)*Hx{l (E) O)] u{x) = y u{y) + O^ AOu{x) + XO^V{x)Ou{x) 




Hence, without loss of generality, we can assume that A is a diagonal matrix and 
we will do so in the proofs. In particular, the non-random operator Hq is unitarily 
equivalent to a direct sum of shifted adjacency operators on T, Hq = A(E)1 + 1<E)A = 
®T=i ^ + '^j oil -^^(T) (g) C™ where the aj are the eigenvalues of A and A describes 
the adjacency operator on ^^(T) given by 

(At;)(a;)= ^ v{y) , vel^T). (1.2) 

y:d{x,y) = l 



4 CHRISTIAN SADEL 

Our interest lies in the spectral type of H\ which is determined by the matrix- 
valued spectral measures at the vertices of the forest T. For a; e T, j G I = 
{l,...,m} let \x,j) denote the element in ^^(T,C™) satisfying \x,j){y) = Sx.yCj 
where Cj is the j'-th canonical basis vector in C™. Moreover, for an operator H 
we denote by {x, j\H\y,k) the scalar product between \x,j) and H\y,k) with the 
convention that the scalar product is linear in the second and anti-linear in the first 
component. Then, for x e T we define the random, positive matrix valued measure 
/ix on M by 

'' f{E)d^i, = [{x,j\f{H,)\x,k)]^,^^ (1.3) 

for all compactly supported, continuous functions / on M. The roots of T'"*' C T, 
q — 1,2, will have a special role, therefore let us denote them by 0^ G T'^^^ 
In Section [2] we will see that: 

Proposition 1.1. The spectrum of the adjacency operator A on T is purely abso- 
lutely continuous and given by 



y^.y. 



(1.4) 



Therefore, letting amin = ai < 02 < ■ ■ ■ < a^ — Omax be the eigenvalues of A, 
one obtains that the the essential spectrum of Hq is given by the union of the bands 



-2^ + amin, ^Vi + a„ 



(1.5) 



However, for the perturbation theory to work, the considered energies have to be in 
the intersection of these bands, and we need to exclude the centers of these bands. 
Therefore, let us define 



^A = Pi {{I + aj) \ {flj}) = f - 2^ + "max , 2^ + '^™'" ) 
3 = 1 ^ ^ 



\ {01,02, . . . ,am} ■ 
(1.6) 



Assumptions. The following assumptions turn out to be crucial for the results. 

(V) The distribution of V{x) is compactly supported. As a consequence, all 
mixed finite moments of the random entries of the random matrix V{x) 
exist and all partial derivatives of the Fourier transform 

h{M) := E ('e-«Tr(Afi/(x))\ ^ ^,^ ^ Sym(m) (1.7) 

exist to any order and are bounded. 
(A) Letting a„iin = oi < ^2 < ■ • • < a™ = Omax be the eigenvalues of A, we 
assume 

ftmax - amin < 3V3 , (1.8) 

This is equivalent to the set I a not being empty. 

Theorem 1.2. Let the assumptions (A) and (V) be satisfied. There is an open 
neighborhood U of {0} x Ij^ in M? such that the following holds: 

(i) The spectrum of H\ is almost surely purely absolutely continuous in U\ = 
{E:{\,E)(.U). 
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(ii) For every a; G T \ {Oi}, i.e. every vertex in T except the root of T^^' , the 

density of the absolutely continuous average spectral measure E(/ij,) in Ux 

depends continuously on (A, E) e U . 
(iii) The density of £{(102) ^.i^d. E(fii-^) are positive definite in U\, where li is 

the child and only neighbor of the root Oi G T*^^' This implies that there is 

.spectrum in Ux with positive probability. 

Remark 1.3. 

(i) The set I a here corresponds to Ia.s ™ |Sad| . One of the difference to the 
previous work is that one needed to remove some energies and consider a 
very technical defined smaller set Ia,S- This set occurred because the main 
argument is based on the Implicit Function Theorem and one needs a certain 
Frechet derivative to be invertible. Here, this Frechet derivative will always be 
invertible for all E^Ia by Lemma |5.^| which relies on the identity given in 
Proposition \2. 1\ This identity holds more general for the Green's functions on 
trees of finite cone type as shown in Appendix^^ Using this identity and the 
same line of argument as in Lemma \5.S\ one can actually show that for any 
2x2 matrix S with negative determinant, the sets Ia,s o,nd Ia,s o,s defined 
in |Sad| coincide. 

(ii) The root Oi off^-^' is special as it is the only vertex ofT which has only one 
neighbor. This is also the main reason that it has to be excluded in part (ii) 
of Theorem [7T 



The important objects we work with are the matrix Green's functions given by 

d;:\z):= [(x,j|(i/-z)-i|x,fc)],,^^ e C"X" (1.9) 



for Im(z) > 0. The most important ingredient to obtain Theorem 1.2 is the foUow- 
ing. 

Theorem 1.4. Under assumptions (V) and (A) there exists an open neighborhood 
U of {0} X I A in K^ such that for all vertices x G T \ {Oi} (i.e. all vertices except 
for the root o/T^^-'j the functions 



{X,E,Tj)^E(\G^^\E + if^)\') , 



defined for rj > 0, have continuous extensions to U x [0, cx)) 



Let us show now that Theorem 1.4 imphes Theorem] 1.2 



Proof of Theorem \l.^ Part (ii) follows immediately as E(Gjf (z)) is the Stieltjes 
transform of E(/ij.). For any compact interval [a, b] C Ux one has by Fatou's lemma 

Efliminf / Tr(|Glr'(z)hrf£;') < liminf / EfTrflcH (z)P)') dS < cx) 

Thus, 

G^^^ (z) ] dE < oo with probability one. (1.10) 



liminf / Tr 

lm(z);0 J a 
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As G^ (z) is the Stieltjes transform of fi^; this imphes that, almost surely, fx^ is 
absolutely continuous with respect to the Lebesgue measure in (a, b) C U\ and the 
density is a matrix valued L^ function ioi x gT, x y^ Oi (cf. |K16[ Theorem 4.1] and 



[Keli Theorem 2.6]). As there are countably many vertices x G T and the open set 
Ux can be obtained as countable union of intervals (a, 5) satisfying [a,b] C U\, we 
obtain that with probability one, all measures fix (x ^ Oi) are absolutely continuous 
in U\. As the vectors {\x,k) : x ^ Oi} and {iJA|lij^)} together span £^(T x I) 



this implies part (i). Part (iii) follows from the continuity in Theorem 1.4 around 



A = for a possibly smaller neighborhood U D {0} x 7^. □ 

The paper is structured as follows. In Section [2] the spectrum of the adjacency 
operator on T and some crucial identities are derived. Then, in Section [3] we 
introduce the important Banach spaces that were also used in the previous works. In 
Section l4] we derive the fixed point equations and investigate the Frechet derivative 
in Section [5] Finally, in Section |6] we conclude to obtain Theorem |1.4| Appendices 
[A| and [B] state some general identities that are used along the way. 

2. The unperturbed Green's functions 

Similarly to above, we let \x) denote the function \x){y) = S^^y on £^(T) and for 
Im(z) > we define the Green's functions 

r(''):=(0,|(A-z)-i|0,) (2.1) 

and the spectral measures Vq at the roots Oq of T*^') for q = 1, 2 by 

f{x)diyq{x) ^ {Oq\fiA)\Oq). (2.2) 

Furthermore, we define 

r^«':=limr^«|„ (2.3) 

for real energies E, if this limit exists as a limit in C (if the limit approaches infinity 
it is considered as non-existent). Furthermore, let us define the set / C o'(A) by 

I := Ie eR : T^^^ = limr^'|.^ exists in C and Im(r^'^) > for g = 1,2 1 . 

(2.4) 
Note that cutting the connections to the root and removing the root in the tree 
T'^' we obtain T*^^) and doing the same in T^^' we obtain two trees, one of which is 
T^^^^ and the other T*^^^. Therefore, the standard recursion for the Green's functions 
that can be obtained from the resolvent identity (cf. [FHSi IKLWI IKel| ) is given by 

From the first equation we see that in order for E to be in /, it is enough that the 

(2) 

limit of lim,j^o F^^- exists and has positive imaginary part. 

By an hyperbolic contraction argument as in [FHS( IKLW) IKel] one obtains that 
for Im(z) > 0, these equations together with the restriction Im(rz ') > 0, g = 1, 2; 
determine the Green's functions uniquely. By continuity, for £■ = z e / these 
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equations are also fulfilled and / is given by the set of real energies E, where the 

system 

X = -^ — , y = (2.6) 

E + y -^ E + x + y ^ ' 

has a solution {x, y) with Im(a;) > and Ini(y) > 0. From the first equation it is 

clear that fm(2;) > if Im(j/) > 0. 

After some algebra one obtains that / is therefore given by the set of energies 

E CzR where one obtains a solution y with positive imaginary part of 

y^ + 2Ey^ + E^y + E = . (2.7) 

The discriminant of this polynomial in y is given by 

- 4:E^ - AE^ - 27 E^ = AE^ - 21 E"^ = E'^{AE'^ - 27) . (2.8) 



D = mE^ - 32E^ 



The equation (2.71 has three real roots if D > and one real and two complex- 



conjugate solutions ii D < 0. Therefore, 



\{0} 



(2.9) 



.(2) 



Moreover, for E £ I, F^ is given by the solution of (2.71 with positive imaginary 
part, which is 

i\/3 ,/l r 



F 



(2) 



2E 
If 
1- 



1 + 
+ -6 



27 E - 2^3 + ^27^2(27- 4^2) 



6 V 2 
For any z with Imz > wc find from (2.5) 

.(1) 



27^ - 2E^ - ^27^2(27 _4£;2^ 



(2.10) 



ImF?) 



Im(z 



.(2)n 



< 



z + T 



(1) 



.(2) 



Im(z 



.(1) 



r?)) 



< 



ImF 



(2) 



.(2) 



which implies the uniform bound ImFj; < 1. Therefore, the spectral measure V2 



is purely absolutely continuous and supported on / = [— 1\/3, | v3], the closure of 

^ ' firsTn o T^T^T-i^ o /^ h> 1 n Ti n n T"T r lO it I ^ ' 



2 V ", 2 

f'2'1 

/. The only case where ImF^:J_- can approach infinity is if F_^^_- approaches —E. 
Plugging y — —E into (2.7) gives E = 0. And indeed, at this particular energy, 

.(2) 



^ 



^0+irj approaches and TQ_|_^^J approaches oo (for r] 10). Hence, for E ^ I we have 



= by formula (2.5). Therefore, the support of i^i is 



^^Oandlim„^Im(F^^|„,) 
also given by /. 

An induction argument (induction over distance to root) as done in [Keli Prop. 
2.9] then shows, that for all other points x E T the spectral measure at x is sup- 
ported in / and hence / is equal to the spectrum of the adjacency operator A on T. 
Moreover, this argument gives boundedness of the corresponding Green's functions 
for energies away from E = 0. So the only possible singular spectrum would be an 
eigenvalue with energy E — 0. 

Assume such an eigenvector u exists. It satisfies J2ydix v)=i "(^) ~ 0. For some 
point y of label 2, consider the child x of label 1 which has just one child y' of 
label 2. Then, u(y') — —u{y). Iterating this argument, we see that u can not 
be in (."^(T) unless u{y) — for all y of label 2. Now, for a point x of label 1 
consider the child y of label 2 and its children x' of label 1 and y' of label 2. Then 
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u{x') — —u{x) — u{y') = —u{x). The same argument now shows u{x) = for ah x 
of label 1, if u is in ^^(T). Hence, there is no eigenvector and is not an eigenvalue. 
Therefore, the spectrum cr(A) is purely absolutely continuous and given by / and 
we just proved Proposition |1.1[ 

For our further analysis we summarize the important properties of T^ and F^ 
in the following proposition. 

Proposition 2.1. For E e I = (-fV^, fVS) \ {0} the limits F^^^ = lim^^o r^^|.,^ 



an- 



dTrp' = lim„ 



.(2) 



E ^ I one has 



exist and have a positive imaginary part. Moreover, for 
T':' + F^'^F^"^ ' = 1 . (2.11) 



Proof. The first part follows from the formulas (2.51 and (2.101. Equation (2.11) 
can be rewritten as 



det 





.(2) 







(2.12) 



which is an identity shown for a more general case of trees of finite cone type in 
Proposition A.l in Appendix [A] 

D 

Remark 2.2. The importance of the defined set I a now comes from the following 
fact. 



Ia 






%■) 



(2.13) 



Hence, if E ^ I^ then E — Oj € I for all aj and we can use the proposition above 
for the shifted Green's functions that will appear in several formulas. 

3. Some Banach spaces 

Here we briefly introduce the important Banach spaces and operators as in [KS) 
IKS21 1 Sad) . All proofs and arguments are omitted as [Sadi Section 3] and uses the 
exact same notations and has the statements in more detail. For a supersymmetric 
background of these definitions see |Sad[ Appendix B] or |KS| . 

Let I = {1, . . . , to} and let *P(X) = {a : a C 1} denote the set of all subsets of 
I. Furthermore, let Sym (rn) denote the set of real, symmetric m x m matrices 
M satisfying M > in matrix sense, i.e. for all v S M™ one has v^ Mv > 0. We 
define V to be the set of pairs (a, a) of subsets of I with the same cardinality, 

V :— {(a, a) : a, a C X, \a 

Moreover, let n E Z, n > ^, and let a = (oi, . . . 
and define 

7'":={(a,a)e(*p(I))"x(*p(I)) 

For functions on (Sym~''(TO)) let dj^k denote the derivative with respect to the 



.| = H} 






(3.1) 


,ai), a = 


= (ai,... 


, a„) 


e mi)r 


" : {ai,ai)€V} 




(3.2) 



SM, 



-f{M) (by symmetry, dj^u = dk,j) and let d 



i,k 



j, k- entry of M, 9,, ^/(M) 

i(l + Sj^k)dj^k, where 6j^k denotes the Kronecker delta symbol, Sj^k = for j ^ k, 
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and Sjj = 1. For {a, a) G V with a = {ki, . . . ,kc}, ki < k2 ■ ■ ■ < k^, a 
{fci, . . . , kc}, ki <k2 < ■ ■ -kc, we define as in |KS[ IKS2] 



da,a-= \ ■■. ; 

Now set -Dgj to be the identity operator and define 



(3.3) 



Da,a ■■= dct{da,a) and Z^a.a := n-Da,,af • (3.4) 

£=1 

for (a, a) E V and (a, a) £ V^. Something quite important is the following Leibniz- 
type rule. There is a function (a, a, b, b, b', b') i-> sgn(a, a, b, b, b', b') E {—1, 0, 1} 
such that 

i?a,a(/g)= Yl sgn(a,a,b,b,b',b')(i?b,b5)(^b'.b'/)- (3-5) 

(b,b),(b',b')G'P" 

The exact expression of the function sgn above is explained in more detail in [Sad| 
Appendix B], in many cases one actually has sgn(a, a, b, b, b', b') = 0. 

For if, if' e M™x2n^ B e C"^" we define 

if ■ Bif' := Tr(y>^B<p') , (p®^ ■- ^^^ ^ Sym+(m) . (3.6) 

Let C^(Sym^(m)) denote the set of smooth functions / on the interior of Sym^(m) 
such that the functions <p i-)- £)a,a/(¥'®^) extend to C°° functions on R'"x2n, (Since 
2n > m, v'®^ is in the interior of Sym~''(TO) if tf has full rank, hence <~p i— )■ /(y?®^) is 
well defined for a dense open set in ]]J™><2n^ Moreover, let 5„(Sym~''(m)) denote the 
set of functions where ip i— ?► £'s,a/(¥'®^) extends to a Schwartz function. A smooth 
function ip i— > g{}p) is a Schwartz function if for any polynomial function ^(y) of 

the entries of ip and any combination of derivatives I?" — Hi fe ( TT' — ) ^'-"^ ^ 
multi-index a, one has sup \p{^p)D°' g{<pi)\ < 



CXD. 



For / e 5„(Sym+(m)) we introduce the norms as in [HTl [KS^ iKSl iKSl ISid) 

V |2l'^li?a.a/(<p®2) ' . (3.7) 



(a,a)e'P" 



where |a| = |ai| + |a2| + . . . + |a„|. Now let H be the completion of 5„(Sym^(m)) 
with respect to the norm ||| • |||2, H is a Hilbert space. The Banach spaces Up, 
p £ [1, oo], are defined by 

%:= {f en : 11/11^^ := i/ib + |||/|||p < ^}. (3.8) 

So / G Hp basically means that for all (a, a) G V" the function (p !—> I?a,a/(v®^) 
is an L^ and L^ function of cp. 

For the same technical reasons as in [KS| I Sad] we have to work on some specific 
closed subspaces. 

Definition 3.1. 

(i) Let Symc(7TT,) denote the complex symmetric, m x m matrices. 



Ml - E 

(a,a),(b,b)e-P" 
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(ii) For B G Symp(TO) with strictly positive real part (i.e., Rei? > Q), let V£{B) 
denote the vector space spanned by functions f E C,f (Sym (to)) of the form 
f{M) = p(M) exp(— Tr(Afi3)), where p{M) is a polynomial in the entries of 
M G Sym+(TO). Clearly, V£{B) C 5„(Syin+(m)). 

(iii) Let V£^°\b) = {/ G V£{B) : /(O) = 0}. 

(iv) Define 'P£{m) C iS„(Syni (ttt.)) as the smallest vector spaces containing all 

vector spaces 'P£{B) for all B G SyTi\^{m) with Re(i3) > 0. 
(v) For p £ [l,oo] lefH and Up be the closures ofV£{m) in H and Up, respec- 
tively. 

On 5„(Syni (to,)) ® 5„(Syin (tti)) let us introduce the product norms 

2|a| + |b|^W^(-) ( 02 02) ' 

(3.9) 
where Z?^ l^ denotes the operator Z^a.a with respect to the entry i^^^ . Using these 
norms we define the following spaces. 

Definition 3.2. 

(i) Let JC = H^H which is the completion o/5,i(Sym (?Ti))(g)5„(Sym (to)) with 
respect to the norm |||| • ||||2. 

(ii) Let iCp := {gelt: Mh + Mlp < (»} ■ 
(iii) Let /C be the closure ofV£{m) iSi T'£{m) in K. 
(iv) For p e [l,oo] let ICp be the closure of'P£(m)®'P£{m) in ICp, respectively. 

Lemma 3.3 in |Sad] sates: 

Lemma 3.3. Given any complex symmetric in x to matrix B with Re B > Q 
and p G [l,oo), % and lip are the closures of V£{B) in % and lip, respectively. 
Similarly, V£{B)®V£{C) is dense in K. and ICp for any symmetric mxm matrices 
B, C with Re{B) > and Re(C) > 0. 

As in jKSi IKS21 ISadj let us introduce the supersymmetric Fourier transform T 
acting on iS„(Sym~''(TO.)) by 

Tfiv"^^) = ^-^ J e^"^"^ i?x,x/(¥'®') d'"V (3.10) 

For this definition it is important that 2n > to, because this insures that the map 
if H- > (p®2 fj-om Ig™x2n ^Q Sym^(TO) is surjective and hence Tf G 5„(Sym^(TO)) is 
well defined. Note, that the right hand side does not depend on the sign of ±<p • ip' 
in the exponent. One finds (cf. Sad, eq. (B.22)], fKSl eq. (2.37)]) 

i?a.a(T/) = f;^sgn(a,a)^(i?a^ac/) for all (a, a) G T'" , (3.11) 

where J'/(93®^) denotes the Fourier transform w.r.t. to (p in M^'"" and sgn(a, a) G 
{ — 1,1} is some sign. 

Another key identity is the following equation which is derived in jSad|, eq. 
(B.26)]. Let i? be a symmetric matrix and Im(i?) > 0. Then, 

y(gm-(B^0^)) ^ g-JTr(B-V«^) (3.12) 

Lemma 2.6 in IKSI states: 



Lemma 3.4. (i) T is unitary on % and %. 
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(ii) T is a bounded operator from "Hi to T-Lao, is well as from Hi to "Hoc- 
The operator T '■— T (E) T is given by 

+ 



Tgii^'f,^'-') (3.13) 



where D^j- denotes the operator Dx,x with respect to the entry (p±^. T is unitary 
on JC, K. and /C'"' and it defines a bounded hnear map from K-i to ICao, from JCi to 
/Coo and from /C!|^ to /CL . 

4. Fixed point equations 

In this and the fohowing sections let the assumption (V) hold. For two neigh- 
boring sites X, y £ T^'^ let T^^'^^ denote the rooted tree with root x obtained by 
removing the branch from x going through y in T^"?'. Furthermore, let H^'^' de- 
note the operator H\ restricted to T*^^'^-' with Dirichlet boundary conditions and 
similar to (1.9) let 

Gi^l^)(z):= \{x,j\{Hi''^'^~z)-'\x,k)] e C"X". (4.1) 

For simplicity, we will denote the Green's frmctions at the roots by 

Gi'\z) := G^°^\z) = [{0„j\iH^- zr'K,k)]^^^ G C"-™ . (4.2) 

As in |Sad| define for any z = E + irj with r; > 0, and label q = 1,2, Q^\, C\z 
on Sym (m) and C\z^ ^\z "-"^ Syni (rn) x Sym (?7i) by 

Cg(<p®^):=E(eiTr(G<"(.)^«^)) ^ (4.3) 

CS'^(¥'®') := E (e4Tr(G<^""(^)^«^)) , (4.4) 

eS(.f,.-):^E(e*K-^'^^)^f-^^-)), (4.5) 

e)(^-, ^-) ..E ^e*^<"""^^^^?^-^^^^--^y 1 . (4.6) 

As in the previous works, let us introduce the operators 

Bx,z - M (e^Tr(i(.-A)<^e^) h{\\^'^^)) , (4.7) 

B^.z = M (e*Tr(l(.-A)<^f -(l(.-A)^?^)) /,(! A(<^f _ <p02)) ^ (48) 

where Ai{g) denotes the multiplication operator which acts on function by multi- 
plication with g. Moreover, h denotes the Fourier transform of the distribution of 
V{x) as given in (1.7). 

Let Np denote the set of neighbors of the root Op, i.e. Np = {x : d{x, Op) — 1}. 
The well-known recursion relation for the Green's function on trees is given by 

G'^\z)^-(z-XViOp)-A+ Y: g'^^'^\z)\ (4.9) 

\ x£N„ I 



12 CHRISTIAN SADEL 



which by (3.12) is equivalent to 



\xeNp 

(4.10) 
Using the independence of the matrix potentials, this immediately implies 

cK - ^^-cS , cS - TB,, (c«cS) • (4.11) 

Analogously, one also obtains 

d!i -m.ee, ce = m.(d!kS)- (4-12) 

Recall that we assume without loss of generality that A — diag(ai, . . . ,a„i) is 
diagonal. Therefore, in the free case, A = 0, one obtains 

d'M') = etT^(^^"-^^) , where ^1') := diag(ri!^,^,ri«i,, . . . ,Titj ■ 

(4.13) 
By Proposition |2.1[ for E E Ij^ the point-wise limits 



Cx,.^[%] ^""^ 6.,.= (f^2)| ■ (4.17) 



C(:'i(<p°^):=limC(:'i+,,(<p®^) = e4T'-(-^^''^"^), (4.14) 

exist for q — 1,2, where 

are diagonal m x m matrices with strictly positive imaginary part. For simplified 
notations, let 

;(2) -^d 4.= ;t 

Proposition 4.1. H^e have: 

(i) i^or ry = Imz > the operator B\;, is a hounded operator on on H and "Hi. 
The map 

F : (A, E, 77, f,,h) ^ TB^,E+,r, T^^J (4.18) 

is a continuous map from M x M x [0, 00) x "H x "Hoc to H x "Hoo . 
(ii) Ca,2 G "H^ C H X T-Loo for a// A e M anrf z = E + irj with 77 > 0. T/ie map 

(A, -E, 7]) -^ Cx.E+iri is continuous from M x M x (0, 00) to % x Hoo ■ 
(iii) IfEe I A, then (o^e e {V£{ni)f dUxHoo and 

limCo,B+j»7 = Co,B inUxUao- (4.19) 



(iv) T/ie equality (4.11) can he rewritten as a fixed point equation in H x T-Loo- 

Ca,. = F{\E,7^Xx.z) (4.20) 

valid for a/Z A G M and z = E + irj with rj > 0, and also valid for A = and 
z — E with E Cz Ia- 
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Proof, (i) As mentioned in |Sad [ Proposition 4.1] and proved in KS, Proposi- 
tion 3.2], Bx^z is a bounded operator on "Hi and (A, E, ry, /) M- B\ ^f is a continuous 
map from M x M x [0, oo) x Hi to Hi. The main ingredient is Dominated Con- 
vergence. Completely analogue one can prove the same statement replacing Hi by 
H. Assumption (V) is important for this observation, as B\z includes the Fourier 



transform of the distribution oiV{x) (cf. Definitions (1.7) and (4.7)) 



Using Holder's inequality we find that (/i, /2) i-^ (/2, /1/2) is a continuous map 



from H X Hoo to H x Hi. These facts together with Lemma 3.4 (ii) immediately 
imply (i). 

Parts (ii) - (iv) are proved exactly the same way as |Sad[ Proposition 4.1,(ii)-(iv)]. 
and one could replace H x "Hoc by H^. D 

One also obtains the analogue results for the function ^a.^. 

Proposition 4.2. 

(i) For rj = Ivnz > the operator B\,z is a bounded operator on K, and ICi. 
Furthermore, the map 

Q : {X,E,rj, 91,32) ^ TBx,E+^r, f/' ) (4.21) 

\9i92j 

is a continuous map from M x M x [0, 00) x /C x ICoc to IC x /Coo- 
(ii) Ca.z G /C^ CZ K. X K-oo for a// A G M and z = E + irj with 77 > 0. The map 

(A, E, rj) — > S,\,E+iri is continuous from M x M x (0, 00) to IC x /Coo- 
(iii) If E G I A, then ^o.B G /C x /Coo and 

lim^o,B+jj; = io.E in /C x /Coo - (4.22) 

77^0 



(iv) The equality (4.12) can he rewritten as a fixed point equation in JC x /Coo-' 

6.,. = Q[\,E,T^,^x,z). (4-23) 

valid for a/Z A G M and z = E + irj with rj > 0, and also valid for A = and 
z — E with E Cz Ia- 

Remark 4.3. One of the differences between this work and [Sad] is that for fixed 
{X,E,ri) the maps F and Q are operators on H x Hoc o-nd /C x /Coo, respectively, 
but not on H^ or /C^. We can not use the space H^ as for 77 = and fi G Hoa 
we can not show that B\Ef2 is in Hi so that T would map it back to Hoc- We can 
only say that one lands in H after applying T. This in turn comes from the fact that 
vertices of label 1 do have only one child in the Fibonacci trees and therefore we do 
not have a product of more than one function after B\z in the first entry. Recall 
that in [Sadj every vertex had to have at least two children. This would cause some 
slight problem for Proposition\6.3[ however it can be resolved through the statements 



(6.3) and (6.4) in Proposition \6.1\ (cf. Remark 6.2). 

The other difference is, that we do not need the smaller spaces HoJ , /CL intro- 
duced in jSad| to avoid some further assumption (but one could work in the spaces 
H^°'> X H^S, /C(") X k}^ if one wanted to). 
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5. Spectrum of Frechet derivatives 

At some point when calculating the spectrum of the Frechet derivative, it will be 
important that a certain power is a compact operator. As we need a more general 
case here compared to previous work, we give the compactness argument in detail 
in the following lemma. 

Lemma 5.1. 

(i) Let hi, /i2 be exponentially decaying, continuous functions onR'', let J-' denote 
the Fourier transform on M*^ and let B G Sym(fc) n GL(fc,M). Then, 

M{hi)FM{h2) and M{hi)F* M{e'^"-^'')FM{h2) (5.1) 

are compact operators from L'^iM}') to U'iMJ') for any p G [1, cx^]. 
(ii) For /i, /2 G V£{ni) and A G Sym(TO) n GL(7n) the operators 

M{fi)TM{f2), and X(/i)TX(e"'-(^^®'))rX(/2) (5.2) 

are compact operators from Up to "Hq for any p,q (z [l,cx)]. (Note that the 
case where one Banach space is T-L is included as % = 'H2 as a set, only the 
norm differs technically by a factor 2). 
(iii) For gi,g2 G V£{m) ®VE{m), yl+, A_ G Sym(m) n GL(r7i), the operators 

M{gi)TM{g2), and X(gi)rX(e'Tr(A+<^f +A_c?^))^_^(^^) (53) 

are compact operators from any K,p to any ICq for any p,q £ [1, 00]. 

Proof. For (i) let us first assume that hi and ft.2 are compactly supported and 
consider A4{hi)J'M{h2)- Let K be the compact support of /i2- There exists a 
constant Ck such that for all x £ K and all y G M'' we have \e^^"^ — e^^"" \ < 
CkIv — y'\- Therefore 

\{J^M{hi)f){y) - i^Mihi)f)iy')\ < (2^)-^-/2^^.|y „ y'\ ||;,^;||^ 

<{27r)-'^^'CK\\h2\\2\\f\\2\y-y'\ 

and hence A^(/ii)J-"7\/J(ft.2) maps a L^ bounded sequence of functions into a sequence 
of equi-continuous functions, supported on the compact support of hi. By the 
theorem of Arzela Ascoli we obtain a convergent subsequence in L°° and hence in 
any L^ norm. 

If hi and ft.2 are continuous and exponentially decaying, then we can approach 
them in || • ||oo norm by compactly supported continuous functions /ii,„, /i2.n- Then 
■M{hi^n)J'-M{h2,n) approaches A4{hi)J-'M{h2) in L^ -^ L^ operator norm for any 
p G [1, 00] (here, consider A4{hi) as map from L^ to L^, T as map from L^ to L°° 
and A4{hi) as map from L°° to LP). 



For the second operator in (5.11 note that by Lemma B.2 in Appendix |B| one 
finds Mihi)J-*M{e'''-^'=)TM{h2) ^ SBM{hi)FM{h2) where hi and /12 are ex- 
ponentially decaying functions and Ssfix) — f{B~^x). Therefore, by the previous 
statement, this defines a compact operator from L^ to any L^, p G [1,00]. 



Using (3.11) and the Leibniz-rule (3.5) the statements (ii) and (iii) immediately 



follow from (i). Starting with an Ji bounded (respectively, /C-bounded) sequence 
one can subsequently construct a subsequence converging in all norms involved in 
the definition of Hp, JCp respectively. D 
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It is now time to introduce some more notations to properly describe the spec- 
trum of the Frechet derivatives. These notations were also used in Sad . By 
A(?n, Z_(.) we denote the set of upper triangular matrices with non-negative integer 
entries. For J £ A(to,Z_|_) and _E e /^ we define 



9(9) 

'J,E 



n 



^(9) yil) 



E-c 



E-a 



q = 1 , 2 , and 



^ , /c £ { 1 , . . . , rn } 
j<k 

(1) 



ej^E:^di&g{e'j%e%) 



9(1) 

\J,E 

9 



' 

(2) 
J,Ej 



(5.4) 



(5.5) 



With the help of these matrices we will express the spectrum of the important 
Frechet derivatives. The following result will ensure that we can use the Implicit 
Function Theorem. 



Lemma 5.2. For E E Ia and any J, J' E A{m, Z+) we find 

dct{ej^EO*j,,ES-l)^Q. 
This means, the matrices 6jEd*j, eS do not have an eigenvalue 1. 
Proof. For J, J' E A(m,Z+) and E E Ia define 

f{j,j'.E) = Aei{ej,Ee:j,^ES-i) - i~e% [eflE)*'Q% {Oj'^e)* 



(5.6) 



^%{0^^e) . 
(5.7) 

For J = J' = Owe have /(0,0,£;) =det(S'-l) = -1 7^ 0. Now let ||J||i denote the 
norm given by the sum of the absolute values of all entries of J. Next, we consider 
the case ||J||i + ||^'|ji = 1, i.e. one of these matrices is zero and the other has one 
entry. Both cases are completely analogous so let us just consider J' = 0, || J||i = 1. 
Then by (5.4) one has 

9(9) _ 



'j,e 



r 



E-bi E-b2 



(5.8) 



for some &i,&2 G {ai,---,am}- Using (2.11) in Proposition 2.1 and the Cauchy- 
Schwarz inequality we find 



9(2) 



9(1) fl(2) 

'j,e",j,e\ 



- r(2) 

— |-^ E-b 

fe=i 



.(2) 
-E-62 



r(i) r(2) 

^ B-&1 E-bi 



.(2) 
E^b. 



p(l) p(2) 



.(1) p(2) 
B-62 -E-62 



= 1 



(5.9) 



3(2) 



Since Oj^ is the product of two factors with positive imaginary part, it can not be 

a positive real number, henc 
can not be zero in this case. 



a positive real number, hence |/(J,0,£;)| > 1 - \e^j'>\ - \0^jlo%\ > 0, so f{J,0,E) 



Finally, consider ||J||i 
that J 7^ 0. Then 



J' 111 > 2. We may assume without loss of generality. 



,(,) 



a«.)' 



_ rig) p(9) yiq) 



(5.10) 



where X^'^'> itself is a product of an even number of factors (at least 2) T^E~b "-"^ com- 



plex conjugates. By (2.11 ) and the fact that for E E Ia and b E {ai, . . . , a™} none 
of the imaginary parts of ^E-b ^^^ ^^ zero, we find |r 



^_„ < 1 and \T^j^l,T^Zb\ < 1 
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leading to |X(^'| < 1 and jX^^'x'^'l < 1. Using this and Cauchy- Schwartz as in 
( [5^ we find 

%(e^4\^Y&^']^4o%(ef^^\<i (5.11) 

which immediately implies |/( J, J', E)\ > 0. Hence, in any case, /(J, J', E) will not 
be zero. D 

The following lemma corresponds to [Sadi Lemma 5.1]. 

Lemma 5.3. 



(i) The map F as in (4.18) is continuous and Frechet-differentiable w.r.t. f = 
(/i: f2) & H X Hoo- For f £ H^ the Frechet derivative Fr extends naturally 
to a bounded operator on Ti.^ which we will also denote as Fr 

(ii) For E £ Ia let C'e — EM), E,0,(q^e), then C% is a compact operator on 
HxHoo andn^. 

(iii) The spectrum of Ce cls an operator on the Hilbert space TH? is given by the 
eigenvalues of the matrices OjeS for J G A(to,Z_|_) and the accumulation 
point 0. This means, denoting the spectrum of Ce on Ti.^ by a-^i one obtains 

guAGe)^ U a(0,;,B5) U {0} (5.12) 

,/eA(m,Z+) 



5.2 



where 9j^e bltc the matrices as defined in (5.5). In particular, by Lemma 
one has for E £ Ia 

lia^2{CE) (5.13) 

(iv) The spectrum of Ce as an operator on H x T-Loo, denoted by cr^xw^c ('-^s)? is 
the same as its spectrum as an operator on H^ , 

ct«x«„(Cb) = cfh^{Ce). (5.14) 

Proof, (i) The derivative Ft' can be written as a matrix of operators and we obtain 
formally 

^^^\TBx.,M{f2) TBx,,M{fi))- ^^-^^^ 

For fi,gi £ n and /a, 32 e "Hoo one finds Bx.zfi92, Bx,zf29i e Hi and by 
Lemma 3.4 F^ defines a bounded linear operator on H x "Hoc- Similarly, if /i, /2 £ 
T-Loo , then it is also a bounded linear operator on H^ . 

To get (ii) note that Co,e e {V£{m)f, and Bq^e =- Al(e5TK(-E-A)v®')). por 
simplicity, let us simply write B for Bq^e, Mi for A^(Coi;) ^-nd M2 for A^(Coi;)j 
then 

2^fTBTBM2 TBTBMi \ 

^ \TBM1TBM2 TBM2TB + TBM1TBM1J ■ ^ ' 

Squaring this matrix we get that each summand in the entries of Cj^ contains 
some piece of the form MiTBTBMj or MiTBMj which are compact operators by 
Lemma 15.11 

Part (iii) is the complete same calculation as in |Sad[ Lemma 5.1 (iii)] giving the 
eigenvalues of Ce- At this point it is important that Ce has a compact power, as 
it assures that except for 0, the whole spectrum of Ce consists of eigenvalues. As 
a by product one also obtains that the eigenfunctions are in H^ 



''00 
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Part (iv) follows by the same argument as [Sad! Lemma 5.1 (iv)], cr-Hx-H^iCE) C 
<7-h2{Ce) by compactness of C% in "H x 'Hao- Equality follows as one finds eigen- 
functions corresponding to the eigenvalues of Oj.eS in "H^. D 

Analogue results hold for the map Q and are proved the same way. 

Lemma 5.4. 

(i) The map Q is Frechet-differentiable w.r.t. g d IC x /Coo- The derivative Qg is 

a bounded linear operator on IC x /Coo cind for g G /C^ it extends naturally to 

a hounded operator on /C^. 
(ii) For E £ Iji let Ce = Qg(0, i?, 0,^o,b); then Cj^ is a compact operator on 

/C X /Coo o-nd K? . 
(iii) The spectrum of Ce as an operator on the Hilbert space /C^ is given by the 

eigenvalues of the matrices Oj.e^*]! eS and the accumulation point 0, i.e. 

denoting the spectrum ofCs on /C^ by ajc2{CE) one finds 

a,c-{CE)^ U a{9j,Ee:j,^ES)li{0} (5.17) 

J,J'6A(m,Z+) 



where 9j,e,Sj',e o,re the matrices as defined in (5.5 I. By Lemma 5.2 we find 

\^cj^2{Ce). (5.18) 

(iv) The spectrum of Ce as an operator on IC x /Coo *s the same as its spectrum as 
an operator on K," : 

o-Kxk^{Ce) =<Jk^{Ce)- (5.19) 



Proof. The proof is completely analogous to the one for Lemma 5.3 For (i) and 
(ii) note that the Frechet derivative of Q is given by 



TB. 



A„ 



Part (iii) is completely analogue to |Sad[ Lemma 5.2 (iii)] and (iv) follows by the 
same arguments as in Lemma |5.3| D 



6. Conclusions 

The most important ingredient for the proof of Theorem |1.4| is the following. 

Proposition 6.1. There exists an open set U with {0} x Ia d U , such that the 
maps 

(A, E,r^)eux (0, ^) ^ a.E+^, = (d'U,,, CS+.,) e H X Hoo (6.1) 

(A, E,r^)eUx (0, ^) ^ a,B+«r, - (d'U,,, eS+„,) e /C X /Coo (6.2) 



have continuous extensions to U x [0, oo) satisfying (4.20) and (4.23). For these, 
extensions, Ca b ^ ^oo , £,\ e ^ ^oo • Moreover, for 1 <p < os the maps 

(A, i?, 77, /) e C/ X (0, ^)xnp ^ Cli+.^/ e Hp (6.3) 

(A, E,ri,g)^Ux (0, oo) x /Cp ^ ^^+,^5 e /Cp (6.4) 

also extend continuously to U x [0, oo). 
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Proof. By Lemma |5.3| and Lem.ma |5.4| we can use the Implicit Function Theorem 
on Banach Spaces as stated in |K16[ Appendix B] for the functions F{X, E, rj, /) = 
F(A, E, 7], /) - / and Q{X, E, -q, g) = Q{X, E, r],g) - g at the points (0, E, 0, Co.b) 
and (0, E, 0, S,o,e) with E £ Ia- Uniqueness of the continuous imphcit function and 
the continuity properties of C\.E+iri and ^\.E+iri as stated in Proposition 
Proposition |4.2| give the first two continuous extensions. 



4.1 



and 



Note that by (4.20), one has 



C 



where z — E + irj. Defining 



(1) _ 



TB,,^TBUCi'lC^xl) 



(6.5) 



F(A, E, rj, V) = TA^(etTr((^-^-^^)*"^))ri?,,s+„,(C 



(1) 



(2) 



\,E+iri^X,E+iri 



>(1) _ 



this means Ca i ^ lE(i^(A, i?,??, y(x)) where E refers to the expectation over the 



distribution of the potential V{x). Also note that by (3.5) and Holder's inequality, 
the product B\^zC\ iCx i extends continuously as a map from (A, E,ri) £ U x [0, oo) 
to Hi. By assumption (V) and possibly shrinking the open set U, we can assure 
that for {X,E) € U the inverses {E + irj — A — XV{x))~^ exist almost surely and 
are uniformly bounded for V{x) and (A, E) varying in a compact subset of U. Let 
A„ ^- X,En -^ E,rin -^ 1 ] (i.e. Zn = E„ + irfn ^ z = E + irf) and /„ -^ f in 
Up. Using Corollary B.3 in Appendix [b] the Leibniz rule ( |3.5[ ) and (3.111 one 

obtains that for large «, Ca z — ^F{^n,E„,r]n,V{x)) is uniformly bounded in 



n 



>(i) 



>(i) 



EF{X,E,7iV{x)) 



Moreover, -Da.aCl z converges point-wise to -Da.aCl z 
(as a functions of v'®^) for any (a, a) S V". 



By the uniform T-Lao bound and the Leibniz rule (3.5) 



to zero. Using (3.5 1 and Dominated Convergence, |||Q ^ / ~ Ca I/IIIp goes to zero 



>(i) 



(1) 



as well. Hence, Ca„,z„/" ^ Cj/ in "Hp. 
The proof for the map (A, E, 77, 5) >-> ^ 



X,E+iri' 



g is completely analogue. 



D 



Remark 6.2. We can not show that the functions (A, E, rj) i~> Q E+iri' "^"^ d E+iri 
extend continuously as maps from U x (0, 00) to 'Hoo or /Coo,, respectively. Conver- 
gence in the norm ||| • |||oo and ||||. ||||oo is a problem if we let r/ — > 0. For this reason, we 
can not perform the Implicit Function Theorem using the space Ti.^ or JC^ as in 



jSad| . But the continuous extensions for the maps (6.3) and (6.4) allow to complete 
the argument in the same way as in jSad) . 

Proposition 6.3. There is an open set U , {0} x I^ (1 U such that one has the 
following: 

(i) Let li be the only child and only neighbor o/Oi, the root ofT^^', then the map 



{x,E,'n,f)eRxRx{o,oo)xn ^ ciy^'^fen 

extends continuously on {X, E,ri^ f) €z U x [0, 00) x "H. 
(ii) For all x,y (zT with d{x, y) = 1 and a; 7^ Oi the maps 

(A, i?, 77) e M X M X (0, 00) ^ Ci5|,^ e n , 

(A, i?, ry) e M X M X (0, 00) ^ ci^j,^ e /C , 
have continuous extensions to {X,E,ri) G [/ x [0, cx)). 



(6.6) 

(6.7) 
(6.8) 
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Proof. We let z — E + irj. As the graph T^^i'^i-' contains only the point Oi one 
finds Cx'J^'\v®^) = E(e5Tr((^-^-AV(0i))-V®')). As in the argument above, by 
assumption (V) the inverse in the exponential is locally uniformly bounded for 
small A. Together with Dominated Convergence, this shows claim (i). 

If d{x,y) = 1 and a: is a child of y (i.e. d{x,Qq) = 1 + d{y,Oq)), then T^^l^^ is 
equivalent to T'p' if the label of x is p, l{x) = p, and therefore Ca z ~ ^xi- Hence, 
by Proposition 

n. 



6.1 



>(a;|j/) 



(A, z) I— >■ Q f extends continuously as a function mapping to 



Now let X be the parent of y. We will prove the continuous extension by induction 
over d{x, Og) for x G T*^'), where the induction starts with a; = O2 on the tree T^^^ 
and a: = li, the only child of Oi on the tree T^-'^^. Note that the recursion relations 



(4.9) and (4.101 can be applied at any vertex in a tree. Hence, if N{x) are the 



neighbors of x, y £ N(x), then one obtains 

y'£N(x),y'^y y'eN{x),y'^y 

Let y, y' be the children of O2, then (A, z) ^ Cx,z^^ = TBx,zC,xT^^ extends con- 
tinuously as a function mapping to T-L because C\^ ^ does. If y, y' are the children 



of li, then by ^, (A,z) ^ Cx.'^}^^ = TBx,zC,x^}^'\xT''^ extends continuously as 



a function mapping to Ti, as well. 

For the induction argument let y be a child of x and x be a child of x and 
assume that (A, z) >->• C}^^ € H extends continuously. If x has label 1 then Cxz ~ 
TBxAx.l^^ and if a; has label 2, then cf]^^ = T'^A.^cK'^'^ff -" where y' is the other 



6.1 



child of x and Cxz ^^ equal to Ca i ^^ Ca i- -^'^ ^^y ^^ these cases, Proposition 
gives that (A, z) h-> Q ^ € Ti. extends continuously. 

{x\y) 

With similar arguments one obtains the statements for the functions 1^3^ !, . D 

As shown in previous works |KSl I Sad] , the expected matrix valued Green's func- 
tions can be obtained by 

W.{G^^ iz)) = -^jT>Bx,z ( J] Ci?^(<^°') J ^'"V ' (6-9) 

\y:d{x.,y) = l j 

d^ (z)|') = /d(-)d(+)6a,. I n d?Vf ,¥'®') I d2™>+d2"V^ , 

^ \.d{x,y) = \ I 

(6.10) 
where D is an m x to matrix of differential operators with entries 

D := [ ^-^i;:r Dl-^ i?i\{.},i\{,})^.^^,^^ . (6.11) 



E 



with Dxx and £'i\{fe},i\{j} as in (3.4 1. D^*' represent the matrix-operator D 



acting with respect to <p^^ and D^ ^D^^^ has to be understood as a matrix product. 



For a: = O2 the product in (6.91 is Q iCi i' if ^ ^^ ^'^^ ^ '^oot and has label 1, 



(2) {y\x\ 

then the product is of the form Q ^Cx z ^^^'^ if ^^^ label of a is 2, it is of the form 
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Ca zCa zCa z ■ We have seen that G 1 € 'Hoc and G z ^ ^ extend continuously as 



'A.z^A.zSA.z 



^\,z 



functions of {X,E,ri) lE U x [0,oo) with z — E + irj. Using the Leibniz rule (3.51, 
Holder's inequality and ([63]), (A, z) ^ CxlCxl e Hi, (A, z) k^ cSci?^ ^ '^i 
and (A, z) !-> Q iCl zCa z ^ ^i extend continuously as functions mapping to 
Hi. Similarly statements hold for C, replaced by ^ and H^Hp replaced by /C, JCp 



Thus, any of the functions integrated over in (6.91 or (6.10) are in L^ {(P"'-'"- ip 



and L^((i^™"(p_|_(i^'""<^_), respectively, continuously depending on {X,E,ri) and 
Theorem 11.41 follows 



Appendix A. An identity for the unperturbed Green's functions on 

TREES of finite CONE TYPE 

Associated to an s x s substitution matrix S £ Mat(s,Z_(.) with non-negative 
integer entries are the following s rooted trees of finite cone type, denoted by 
j;ir) ^ r = 1, . . . , s. Each vertex has a label, the root of the tree T^''^ has label r. 
Any vertex of label p has Sp^q children of label q. Denoting by A the adjacency 
operator on the forest IJ^T'^''^ and by 0^ £ T^'') the root of the tree T^'^\ we define 
for Im(z) > the Green's functions 



We define the set 

T. = {EeR : 



.(r) 



tP = (0. I (A - z)-i I 0.) . 



lim r^^ ■ exists for all r and Im(r^^ ) > for some q} 



vio 



Proposition A.l. Let T^ — diag(r^ , . . . , F^ ) denote the diagonal s x s matrix 
with the Green's functions along the diagonal. Then one has for E £ T, 



det(|r£pS'-l) = 0. 
Proof. The recursion relation for the Green's functions is given by 



(A.l) 



.(p) 



r 



(p) 




Multiplying by (r_g )* and some algebra leads to 



<p) 



/ , ^p,q^ 



(9) 
E 



-E 



9=1 



<P) 



(rir')' 



Taking imaginary parts gives 



r(,^)| ^5,,,im(r(|)) = im(r 

-3=1 



E ) 



Defining the vector f^; = (F^ , . . . , F^ )^ this equation can be read as 

\r\^S Im(f) = Im(f ) 

and for E E Y., Im(r) is not the zero vector. Hence, [FpS has an eigenvalue 1 
which proves (A.l I. D 
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Appendix B. Some identities for Gaussian integrals and the Fourier 

transform 

The following identities are used at various parts in the article. 

Lemma B.l. Let D be an invertible, symmetric k x k m,atrix with positive definite 
real part, i.e. D = D^ , Re(D) > 0. Then, for any complex vector v £ C'^ one has 
the Gaussian integral 

g-i(x+.).D(.+.,)rffe^ ^ ( ^^)"^' . (B.l) 

Some care needs to be taken to select the correct branch of y^det{D). If D = A + iB 
where A > is the real part, then we write D = VA{1 + iA~^''^BA~^''^)\/A where 
\fA has the same eigenspaces as A and the corresponding eigenvalues are the posi- 
tive square roots of the eigenvalues of A. Furthermore, A~^'^BA~^'^ is diagonal- 
izable by a real orthogonal matrix. This diagonalizes l + iA~^'^BA~^'^ as well and 
the eigenvalues have all real part 1 . Hence, we may define Vl + iA^^/^BA~^/'^ by 
taking the same eigenspaces and the principal branch of the square roots of the eigen- 
values. Then ([b1|) is correct with y/det{D) = det{y/A) det(Vl + 1^-1/25^-1/2). 



Proof. In one dimension one has the well known integral formula 

r e-^(-+^)' dx=y^ (B.2) 

J-00 v^ 

for Re(z) > 0, where the square root is the principal branch and c is any fixed 
complex number. Now ii D — A + iB, then use a basis change y = OyAx, where O 
is a real orthogonal matrix such that OA^^^^BA^^I^O^ is diagonal. This leads to 



a Gaussian integral with a diagonal matrix and then (B.l) follows from (B.2 1. D 



Recall that M.{^g(x)) denoted the multiplication operator that multiplies by g{x). 
Similarly, let C(.g(a;)) denote the convolution operator, i.e. 

C{g{x))f{y)= ^g{y-x)f{x)d^x 

Lemma B.2. Let T denote the Fourier transform on M'"', and let D be a symmetric, 
invertible k x k matrix with positive semi-definite imaginary part Im(_D) > 0. Then 
as a map from L^{R'') D L^{R^) to L'^{R'') one has 

J-*X(e5'"-^^)J- = ^li- — ' (B.3) 

{2TT)'^/^y/deti-iD) 



where ■\/det(— z_D) is selected as in Lemma B.l (note that Ke{—iD) > 0) 



If D is real, i.e. Im(D) ~ 0, this can be re-written as 
J'*7W(e5"-^^)J- = , ^ M(e-^"-^'''=)SDJ'M(e-i"-°'''') (B.4) 

Sd denotes the group action Sofiv) = f{D^^y). 
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Proof. First assume lm{D) > 0, then for / e L^(M'') and any y e M.'' , the map 
{x,w) !->■ e-^y^e2^^-D^e^^"'" f{w) is in L^(E^'') and one finds 



gi[x+D-i(to-y)]-J_D[2;+Z)-i(u.-a)]^fc^ 

^ ^ C(e-5--^"-)/(y). (B.5) 



Now, if Ini(_D) is only positive semi-definite, we approach D hy D + ie and let 
/ G L^(M''') n L^(M'^). Then as e J, 0, the right hand side converges point wise (for 
fixed y). As the L^ norm is uniformly bounded by ||/||2, Dominated Convergence 
shows convergence in L^(IR'^). As the operators A^(e2"(^+")^) converge for e J, 
in the strong operator topology, we also get convergence on the left hand side in 
L2(Mfc). 



For (B.4) note 

D 



Equation (B.3) yields the following. 



Corollary B.3. Let §+ be the the set of invertible, symmetric k x k matrices with 
positive semi-definite imaginary part. The map F{D, f) = J-*A4{e^"'^^)J-f maps 
§+ X {L^{R'') n i2(Kfc) to L^{R'') n L°^{R''), and satisfies 

\\F{D, /)||2 < II/II2 , \\FiD, /)||oo < J'^ji^^ . (B.6) 

(27r)'=/2^|det(D)| 

Moreover, if Dn — > D m§+ and fn — > / inL^{R'^) then by Dominated Convergence, 
F{Dn,fn) converges point wise, i.e. limn^oo F{Dn, fn)iy) = F{D, f){y). 
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